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This paper investigates the non-uniform motion of a thin plate of finite aspect
ratio, with a rounded leading edge and sharp trailing edge, executing heaving and
pitching oscillations at zero mean lift. Such vertical motions characterize the
horizontal lunate tails with which cetacean mammals propel themselves, and
the same motions, turned through 90° to become horizontal motions of side-
slip and yaw, characterize the vertical lunate tails of certain fast-swimming
fishes. An oscillating vortex sheet consisting of streamwise and spanwise com-
ponents is shed to trail behind the body and it is this additional feature of the
streamwise component resulting from the finiteness of the plate that makes this
study a generalization of the two-dimensional treatment of lunate-tail pro-
pulsion by Lighthill (1970). The forward thrust, the power required, the energy
imparted to the wake and the hydromechanical propulsive efficiency are deter-
mined for this general motion as functions of the physical parameters defining
the problem: namely the aspect ratio, the reduced frequency, the feathering
parameter and the position of the pitching axis. The dependence of the thrust
coefficient and propulsive efficiency on these physical parameters, for the com-
plete range of variation consistent with the assumptions of the problem, has been
depicted graphically.

1. Introduction

Lighthill’s (1969) study of the hydromechanics of aguatic animal locomotion
brings out an important concept of the hydromechanical efficiency of the ani-
mal’s propulsive flexural movements, akin to the Froude efficiency of a propeller,
defined as UP/E, where U is the mean forward velocity P is the mean thrust
required to overcome the viscous drag and E is the mean rate at which the
body movements do work against the surrounding fluid. The optimization of the
hydromechanical efficiency may have been one of the most important guiding
factors in the evolution of the fast-swimming aquatic animals and flying birds.
This important physical parameter depends on their propulsive modes, which
Lighthill (1969), following Breder (1926), divides, with a few exceptions, into
two broad classes, namely the anguilliform mode of propulsion and the carangi-
form mode of propulsion, the former being the pure undulatory form in which
the whole body participates. In the carangiform mode the amplitude of undula-
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tion can be quite small or even zero in the anterior portion, increasing posteriorly
to a large value in the neighbourhood of the trailing edge. The elongated-body
theory of Lighthill (1960a,b, 1970, 1971) is applicable to both the modes of pro-
pulsion and throws light on the salient peculiarities of the fish body, namely the
necking of the body anterior to the caudal fin, the dimensions of the dorsal and
ventral fins, ete. Lighthill (1970) suggests that all the fastest marine animals,
particularly the scombroid fishes, including the tunny fishes, various unusually
fast sharks and most of the cetacean mammals, have adopted essentijally the
carangiform mode of propulsion with their tails converging to a high-aspect-ratio
crescent-moon shape through different pathways of evolution in the pursuit
of high hydromechanical propulsive efficiency. The lunate tail is horizontal and
moves vertically in cetacean mammals. This arrangement is the one considered
in the present paper, but all the conclusions remain valid after a rotation of axes
through 90° for fishes with vertical lunate tails moving horizontally.

Elongated-body theory becomes inapplicable for crescent-moon-shaped
caudal fins and a start on their analysis has been made by Lighthill (1970) using
a two-dimensional linearized theory which considers the movements of any
vertical section with pitch angle fluctuating in phase with its heaving velocity
for different pitching axes. Lighthill (1970) stresses the need for a three-dimen-
sional theory and here an attempt is made to lay the foundations for the future
investigation of Lighthill’s principal suggestion: namely that a lunate shape of
the caudal fin seems to be the culminating point of the process of the evolution
of the fast-moving aquatic animal in the enhancement of speed and hydro-
mechanical propulsive efficiency.

Prandtl & Betz’s (1927) concept of an infinite lifting line with sinusoidally
varying strength in the spanwise direction was developed by von Kdrman (1935)
for finite wings, in the steady case, by means of Fourier integrals involving linear
superposition of infinitely long vortex elements of sinusoidal strength. Sears
(1938) presents a method for finding the lift force on a finite rectangular wing,
in the unsteady case, by approximating a wing of finite span by a superposition
of sinusoidal aerofoils of infinite span. Although his superposition involves only
a small number of terms a more accurate investigation for a rectangular wing
using the full Fourier-integral form is straightforward with modern computers.
However, no attempt has so far been made to calculate the horizontal forces,
of thrust or drag as the case may be, acting on the swimming plate and as this
investigation is of great significance in the estimation of the propulsive efficiency
a detailed study is carried out, using the concepts of von Kdrméan & Burgers
(1934) and basing the analysis on the lifting-line assumption that the local
flow around each cross-section remains two-dimensional but the local angle
of incidence is influenced by the whole pattern of the time-dependent streamwise
and spanwise wake vorticity. These calculations, although limited to a rect-
angular planform, give a clear indication of the effect of aspect ratio on lunate-
tail efficiency. That efficiency, as in the two-dimensional case, is found to be
greatest when the pitching axis is close to the trailing edge, which may be taken
as supporting Lighthill’s (1970) general arguments for the high efficiency of
fin shapes with trailing edges which are nearly straight.
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After having obtained a theoretical basis for calculating the instantaneous lift
and moment distribution, the forward thrust due to the lift force acting on the
undulating surface is obtained. This supplements the suction force, acting on the
rounded leading edge owing to the fast flow around it, to give the total forward
thrust. Analytical expressions for the rate of working in the execution of heaving
and pitching oscillations, the energy wasted and the hydromechanical propulsive
efficiency are obtained in terms of the aspect ratio of the swimming plate, the
aerofoil frequency parameter v¢/U (based on the radian frequency v, forward
speed U and semi-chord ¢ of the rectangular plate), the proportional feathering
parameter 6, defined by Lighthill (1969) as the ratio of the plate slope to the slope
of the path traversed by the pitching axis, and the position of the pitching axis.
Numerical computations are carried out for the complete range of variation
of these parameters and comparison is made with the results obtained by
Lighthill (1970) for the two-dimensional case, by the acceleration-potential
method.

The work has all been motivated by considerations of aquatic-animal loco-
motion, for which the frequency parameter takes values large enough (i.e. order
unity) for unsteady effects to be really important. The conclusions may also be
relevant to studies of flapping flight if used in combination with a non-zero mean
angle of incidence, required for weight support. In that case the thrust would be
reduced by an amount equal to the induced drag associated with the required
lift. This, however, is an application where unsteady effects may often be of less
significance because frequency parameters are typically lower.

2. General formulation and evaluation of lift and moment

We consider the incompressible flow generated by a thin rectangular wing
moving along a straight line with mean forward velocity U and at the same time
executing an oscillatory waving motion of small amplitude in the transverse
direction. For large Reynolds numbers E, which is the domain of interest here,
the swimming motion of the wing depends primarily on the inertial effects, which
can be calculated from potential theory. The viscosity of the fluid is unimportant,
except in its role of determining the vorticity shed in the wake and of producing a
thin boundary layer, and hence friction at the wing surface. As the wing attains
forward momentum by waving motion, the propulsive force pushes the fluid
backward with a net total momentum equal and opposite to that corresponding
to the force, while the frictional resistance of the wing and body gives rise to
forward momentum of the fluid by entraining some of the fluid surrounding the
wing and body. The momentum of reaction to inertia forces is concentrated in
the vortex wake owing to the small thickness and amplitude of the undulatory
trailing vortex sheet; this backward jet of fluid expelled from the wing can,
however, be balanced by the momentum corresponding to the viscous drag of
the wing and body and when they are cruising at a constant speed, the forward
and backward momenta exactly balance. This basic mechanism of swimming
propulsion has been elucidated by von Karman & Burgers (1934) and this con-
cept is used here to investigate the hydromechanical propulsive efficiency of a
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finite plate executing heaving and pitching oscillations in addition to recti-
linear motion.

This problem can be attacked without excessive complication when the follow-
ing assumptions used in the investigation of the steady motion of finite wings are
made.

(i) The flow around each section is two-dimensional but the local angle of
attack is influenced by the whole pattern of the wake vorticity.

(ii) The vertical movement of any part of the wing is small, so that the wing
and every point of the trail of vortices which it leaves behind can be considered
to lie in the mean plane of the wing.

(iii) The total circulation about the wing at any point is such that it produces
tangential flow at the trailing edge.

Let the mean position of the wing, which has span 2s and chord 2¢, be a strip
of the z, y plane with the y axis along the span and the origin of the co-ordinate
system coincident with the centre of the wing. Let the transverse displacement
of the wing, from the mean position z = 0, be

z=f(y)[V' —ia'(x—-b")]e™, (1)

where V' and &' are real and signify the amplitude of heaving and pitching
motions, respectively, and x = b, z = 0 is the pitching axis. A 90° phase dif-
ference between the heaving and pitching motions is assumed following Lighthill
(1970), as any other phase difference represented by giving an imaginary part to
V' is equivalent to a change in the position of the pitching axis.

To be strictly accurate, the Fourier representation of f(y) should be taken as a
Fourier integral but for numerical purposes it is necessary to evaluate the integral
as a sum of discrete terms; in other words, as a Fourier series. This is equivalent
to considering a problem periodic in the spanwise direction: that is, the problem
of the motion of a sequence of wings spaced periodically with a suitably large
horizontal period. Here we take the period as 8s, where s is the semi-span. This
implies the representation of f(y) as a Fourier series

fy) = T a,cospy (—4s <y < 4s),
n=0

where g = nwf4s and the values of @, can be determined from the following
conditions.
(i) f)=1 for —-s<y<s. (2a)
(i1) Bound vorticity vanishes outside —s < y < s, 1.e.

P(y) =0 outside —s<y<s. (2b)

A spot check using a period of 16s indicated very small differences from the case
of a period of 8s reported here, presumably because the interference from addi-
tional wings as far away as 8 semi-spans is already very small.

Because of the lack of uniformity of the motion of the wing, the total circula-
tion around the wing varies and a vortex wake having a continuous distribution
of vortices is left behind. The intensity of the trailing vortices can be determined
from the following conditions.
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(a) The vorticity is restricted to the wing and the wake.

(b) The trailing vortices do not move behind the wing, but move with the fluid;
that is to say, if the fluid is stationary, they will be stationary also, if we neglect
small movements perpendicular to the direction of motion of the wing.

The wake consists of vortices with streamwise and spanwise axes and the wing
itself may be replaced by a bound vortex sheet comprising spanwise and chord-
wise vortices. The total impulse of the vortex system, following Lamb (1957,

chap. 7), is p
1= §H (@Y, —yy.) dzdy,
s

where p is the density of the fluid, x and y are the co-ordinates measured in the
chordwise and spanwise directions, y,(x,y,t) and y,(x,¥,t) are the strengths
per unit area of the respective components of the vortex sheet and S is the total
area of the wing and the wake. The increase in the momentum of the fluid per
unit time, given by Euler’s formula, results in a pressure of the fluid on the wing
expressed by
L =—dlI|dt. (3)
This lift force includes the quasi-steady force, the force due to the added mass
and the force due to the presence of the vortex wake behind the wing. With U
as the mean forward velocity in the negative-x direction and

[

F(y’ t) = f Yy(xﬁ y,t)d!l),

Sears (1938) simplifies the expression for L to

d s c d s s
L==pg[ [ nwyniedyroo [ twnapr | runa @

-8

by making use of the following results.
(i} The solenoidality of the vortex intensity, i.e.

OY |0+ Oy, [0y = 0. (5)

(ii) The vanishing of the spanwise and streamwise vortex strength at the wing
tips and the leading edge respectively, i.e.

Vo2, £8,0) =0, y(—cy,t)=0. (6)

(iii} The vanishing of the total circulation for every wing cross-section, i.e.

I
PWJ»gLyAamnda 1)

where £ and 7 are used to denote the co-ordinates of the points in the wake and
lis the distance from the centre of the wing to the end of the discontinuity sur-
face.

(iv) The rate at which the vortices y, are shed at any section along the span
is determined by the rate of change of the total circulation about the wing at

that section, i.e.
dU(n,t)jdt+ Uy,(c,7,t) = 0. (8)
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(v) The time derivative of the integral over the wake is given by

d [t 1 5
| rennsennag=vf veno g de vyennfenn. o

The moment of momentum, acting about the half-chord position z =2 = 0,
for the vortices distributed along the section (—c¢,!) is given by

pfe P
ﬂIm =—-3 1172’}[ (;L‘,y,t)d.’l)—— gZ;}, (g!”’t)dg
g) v 2],

In the case considered, the origin O moves with velocity U, therefore if we use
this result for the variation of the moment of momentum we shall be taking into
account not only the variation of this moment due to the variation of the
forces acting on the wing, but also its variation as a result of the movement of the
mid-chord with respect to which it is defined. In order to consider the variation
due to the variation of the forces and their positions we find the moment with
respect to some point on the axis which is fixed in space but otherwise arbitrary.
Let z, be the co-ordinate of the instantaneous position of O with respect to the
stationary point, reserving x and £ for the co-ordinates of the points referred to
the moving point O. Then dx,/dt = — U. Since the elementary vortices are sta-
tionary, for each of these vortices

£+, = constant, yielding dffdt=U.

The moment of momentum relative to the stationary chord position will be

R !
M, = —-";f y(x,y,t)(x+xo)2dx—gf (E+ao)* v(E, 7, 1) dE.

“J —c ¢
According to Euler’s formula, the moment M of the forces acting on the wing is

M, oM, . oM,
M=-ZF=—g U oxy

Substituting for M,
in (9)yield

N VY M L 2
i =55 a5 [y e 0

c

putting z, = 0 and carrying out the differentiation indicated

[4 l
—pUU cxy,,(x,f ,t)dx+fc yy(é,%t)dﬁ}- (10)
This expression for the moment takes account of the moment due to the quasi-
steady force (Joukowski force), the moment due to the force arising from the
virtual mass and the moment due to the force resulting from the presence of the
vortex wake.

Relations (4) and (10) are the general expressions for the lift and moment
acting on a rectangular wing and their evaluation depends essentially on the
determination of the circulation induced by the wake vortex system and the
simultaneous specification of the wake pattern consistent with the circulation
around the wing. For wings of sufficiently large aspect ratio, the vortex strength
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v,(@,y,t) and its integrals may be found using Munk’s (1922, 1924) two-dimen-
sional steady aerofoil theory, viz.,

Iy, ) = f "y @yt de

¢ e Y o—a)\?
= _%f {f w(x,y,t) (c+x> (C xl) 4z, }dx
7] o \J e c—z) \c+zy) x,—x

¢ c+a\t
- f—cw(x’ Y, t) ((:;j) dx’ (11)
with w(x, y,t) = welx, ¥, t) + wy(x, ¥, 1),

where w, is the relative normal velocity produced by the motion and the angle of
attack of the wing and w; is the relative normal velocity induced by the wake
vortex system.
Similarly, by making use of
—x—i2\E [ 3
u—iw:l(c x zz) J‘ —wlz, 9, 1) (c+x1> dzx, (12)

m\c+xz+iz] | _, c—x,) x+iz—x;

where u is the z component of fluid velocity, the expressions for
f xy,(z,y,t)ydx, f a¥y, (x,y,t)dx
needed in the evaluation of L and M can be calculated to be

fc xy,(z,y,t) da = —2fc w(x,y,t) (c2—2x2)bda, (13)

—cC —C

2
[ enwpnae=Gron-z[" se-apuey o 09
—c

—C

From (1), consider a single harmonic, i.e. an aerofoil of infinite span, the vertical
velocity wy(z, ¥, ) at any point is given by

wO(x: Y, t) = an[V—za(x—b)] emcosﬂy, (15)
where V = V', a = iva’ and b = b'— Uliv. If

Ty, t) = a,GcV e cos uy

is taken as the instantaneous circulation around the aerofoil the distribution of
the spanwise vortex component in the wake, making use of

dU(dt+ Uy, (x,y,t) = 0,
is given by v (&7, 8) = —an%}.Gcexp {iv(t——g—(—}—cﬂ cOs Y. (186)
It follows from (5) that the chordwise component is

Yl &7, 8) = a,uGcV exp {iv[t — (E—c)[Ul}sinpy. (17)
Using (16) and (17) in the Biot—Savat law for the induced velocity due to a vortex
system and simplifying gives

w  GelVu .
—_— elV(t'FC/U) COS U1,
o 7y

wl(x’ Y, t) =- ﬁ a,

© U .
< [ 7| Kl e+ B K] e g, (1s)
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where K, and X, are modified Bessel functions of the second kind. Substituting
for w(x,y,t) in (11) yields
; 2

[(y,t) = a, cV cos py it [27r+-ZiV7E (i)- 1) - }FI], (19)

where
Loy o (™ s |4 yasy
- _ irejU —ivgjU (& —x &~
T e

A\ 3
o [mﬁ—x)]} (£2) dua

(20a)

B ® m? + w? .mo(t2— 1)}
_mfl e~ I y(mt) + I,(mt)} {(m2t2+a)2) (t2_1)5+1 AR o dt,

with m = uc, I, and I, modified Bessel functions of the first kind and w = vc/U.
The constant G is found, on comparing the two expressions for I'(y, t), to be given
by
2(1 — ) — i (1 - 27)

14+ F ’

G=mn

where § = a’U/[vV’ is the proportional feathering parameter, expressing the
ratio of the plate slope to the slope of the path traversed by the pitching axis, and
7 is the non-dimensional parameter, defined by b'/c, expressing the position of
the pitching axis.
From (19) and (4) in conjunction with
c

fc xy,(x,y, tyde = —2f w(x,y,t) (c2—a?)tdx

-C —C
= —7 Ve? cos puyet [1 +%}—FZ—G] ,

where

; . c @© . - U .
Fy= et [ [ oot (B (g - ) + 1 Kl - o)) (@2 - a9 dg

o ~ (m?+ w?)i . mw (12— 1)}
= mfl e~mt(mt) lll(mt){(m2t2+w2) 1) +t po-r R ;dt, (200)
the lift per unit span is given by
L = Let = mpa, cUV e[ fy(p) +if ()] cos py, (21)
where
Flw) = A _(BiLy =By Ly + O\ M, — C,My) L1+ (B, Ly + By Ly + C\ My + G, M) Ly
14 1 L2+ 12 ’
(220)
fm) = 4 _(BiLy+ B, L+ C My + Cy M) Ly — (By Ly — By L, + O, M, — O, M,) L,
2\ 2 L+ L2 ’
(22b)

A, =2(1—-60)+600%(1—37), A, = w(3—46)+ 2007,

B, =2(1-6)+002(1-27), B, = w{2(1—0)—6(1—27)},
C, = wh(1-27), C, = 2(1-6),

L, =1+1L,
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L, and M;, and L, and M, being the real and imaginary parts of #] and F, respec-
tively.

The analytic expression for the moment, which is needed in the determination
of the rate of working of the plate, can be determined from (10), which with the
help of (14) and (9) simplifies to

2
ﬂ[:—p%fi w(c?— 22wz, y,1 )dr—'%i—@—pr vy, tyxdx.  (10a)

The integral in the first term on the right-hand side, making use of (15) and (18},
works out to be

J‘c x(c2_x2)%w(x y,t)ydx =1 MS'O_VG. it [i@a)—i——G—ﬂFll], (14a)
where
o= g J:wjl e—”ﬂU{lf[ﬂ(g o)+ Ry e xﬂ} w2 —a?)hdg du

(m2+w?)t .mo(t?— 1)2'} di

= mfl e~ {1, (mt) — Iy(mt)} {(m2t2+a)2) &= 1)%+z TN (20¢)

Using (10a) in conjunction with (14a), (19) and (20) the expression for M, after
involved algebraic simplifications, is given by

— 3 3 1
M:szﬁ%ﬁ%wpﬁmﬁﬁfgL (23)

where

G =807, Gy=0w—8wl(1-0), Gy=0GuLli+G,L,, Gy=0pL1-0 L,
G =—4(1-0) +2(1 - 0) (T} — 8wM,) + Ow(1 — 27) (T, + 8w—1M,),
G1s = 200(1 —27) + 2(Th+ 8w M) (1 — 6) — Ow(1 — 29) (T, — Sw=1M,)

and 7] and 7, are the real and imaginary parts of Fj.

Expressions (21) and (23) for the lift and moment reduce in the two-dimen-
sional case to Lighthill’s (1970) and Wu’s (1971) results, obtained by the method
of acceleration potential, which adds to the confidence in this method.

The total forward thrust results from the pressure forces exerted by the fluid
on the wing and the suction force on the rounded leading edge. The contribution
from the pressure force comes from its action on the surface inclined backward
at an angle ia'a, €™t cos yy. An important contribution to the thrust comes from
the suction force acting on the rounded leading edge because of the fast flow
around it. The leading-edge suction arises from the singular pressure at the
leading edge and its determination requires that the nonlinear terms in the
expression for the pressure in the neighbourhood of the leading edge be taken
into account. As the unsteady suction force presents the same problem as
that for steady motion, Blasius’s theorem gives the mean suction force as

impld,
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_ (20)F [0 wix,y,t)
where A= - f_c(cz—xz)% dx
_(20f. o iab
=— wV'a,cosuye [n(H— V) FG]

with
ewc/[ e © e—wglb
= T e e -0+ Kl - an) g d
—C

_ﬂ —mt
=3, e Io(mt){

(20d)

(m2+a)2)t ma) (2—1) it
MR (1)} TmiE e

The mean forward thrust due to the suction force resulting from a single harmonic
over one complete period, P, , say, is given by
pe , 48 2
Pip=—1V"2f(0) |  ancostuydy
= 2mpesv®V"%a ()
where

_ g o B N3+ N — By(Li Ny + Ly Ny) — Ey(Iy Ny — Ly Ny)
f3(/l/)——1111+ L12+L% H

By = (1-0R+ 0%, By = (1-0)+ 6o} —7),
E, =2(1-0)-02w(1-27), E,=60w(l1-0),
and N, and N, are the real and imaginary parts of 2F,.

The mean forward thrust due to the suction force on the leading edge of the
rectangular wing resulting from the superposition of all the harmonics is given
by

P, = 4mpcsy? V2 E a falp
Similarly the total mean forward thrust due to the lift force is the mean resultant
of L = Le™ given by (21) acting on the surface (1), viz. s#[L(~ix’)]a2, which
on substituting the value of L yields
P, =2mpcsvUV'a’ Z a fy(p).

The total mean forward thrust due to the lift and suction forces is
P = 2mpesitV" S, ad{6fy () + 2o} (24)
n=0

The forward thrust is represented by a thrust coefficient ¢, equal to the thrust
per unit wing area divided by 3p(vV')2. Thus Cy = P[2pcsv?V'2, which gives

= aZ{0f (p) + 2f,(p)}. (23)

The rate of working in combined heaving and pitching equals the lift force
times the rate of heaving of the centroid, plus the pitching moment about the
centroid times the rate of pitching. If these two quantities are each expressed



Hydromechanics of lunate-tail swimming propulsion 385
as the real parts of the complex exponentials ae?t and be?*t, their mean product
is ARLv(—a'b’ —iV')+ M (—va')]a, cos py.

On substituting for L and M, simplifying and summing over all the harmonies,
the mean rate of working of the rectangular wing comes out to be

E = {mpesUnV"* S a2{8f(0)+ 800fy(1) + 601} (26)

where Fip) = Gyt Gof (L2 + L3).

The hydromechanical propulsive efficiency is defined by Lighthill (1969)
as UP[E, where U is the mean forward velocity, P is the mean thrust required
to overcome the viscous drag the plate would sustain when maintaining a uni-
form velocity U and Z is the mean rate at which the flexural movements do work
against the surrounding water. Using this definition

8 3 a2 {0f,(m) + 2ol

efficiency = — .
anﬁ {8f1(u) + 80whfy(p) + 0wf4( 1)}

3. Numerical computations and discussion of the results

The analytical expressions for the thrust coefficient and hydromechanical
propulsive efficiency are functions of f,(x), fo(u), f3(x) and fy(#), which in turn are
known in terms of the physical parameters through Ly, Ly, My, M,, T}, T;, N, and
N,, given by the integrals appearing in (20a—d). These integrals possess remov-
able singularities at the lower limit and at infinity and their evaluation can be
effected by changing the variable of integration through the transformation
t = (2u?— 2w+ 1)/u?. This yields

utdu
(m2ad +wio?) (14 u?fa,)?
(1 —w)? (1 +u2fo,)d du

H

L, = 2m¥(m?+ wz)f ' (mor)t e=m {1 (ma) + I ,(ma)}
0

L, = 2m? wf ' (ma)t e=ma (I (mac) + I (mex)}

0 M wa
2(m?+w?) [t 1 e utdu
M, = - fo (ma)ze=™= [ (ma) el + ute?) (1 + wifoy )b
1 e u2(1—u)? (u2fo, + 1) du
M, = 2méwf0 (mer)t e=ma I (mor) ocl(mzoc%—l-@lb"wz) ,

w2du
(e + wha) (1 + uZry )}’

1 ) (1— )2 (1 +u2fa,)t
— % —ma 1
e o [ e gy U2

1
N, = 2m} (m2+ wz)f (ma)t e~ma [ (ma)
0

b

1 wdu
— 9m3 2 2 3 p—ma -
T, =2ms(m*+w )fo (ma)t e=m= {I;(mot) — I5(ma)} o T AR (1 )t

o (14 w2 (1~
T, = erwfo (ma)t e=m {I,(ma) — Iy(ma)} mEod + ubw?

25 FLM 04
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Ficure 1. Predicted efficiency for a wing of aspect ratio 4 vs. vc/U for different positions
2z = b’ of the pitching axis and different values of the feathering parameter: 6 = a'UJ
vV =0, 02, 0-4, 0-6, 0-8. (a) b’ = 0 (half chord), (b) b’ = }c (three-quarter chord), (c)
b = ¢ (trailing edge), (d) b’ = 3c (quarter chord beyond trailing edge).

where a; = 2u?—2u+1 and a = o, /u?, and all the integrals are well behaved.
To find fi(), fo(#), f3( @) and fo(x) for n = 0 the values of L, M,, L,, M,, N,, N, T
and T, are needed. These are given by the limiting values

M, = 1_J'0°° e—zzl(x)zf_%i, M, = (,,J'O“’ e_zll(x)%%,
M=ot et b g Mmoo L) 222,
Ty = w? f : e—I{Il(x)—I:,(x)}defm, T, - J‘ 0°° o= {1,(x) - L)} x%lxaﬂ ,

which through complicated integrations of the modified Bessel functions turn
out to be

L, = — 1+ 3n[{Jy(w) — Y1(0)} w cos 0 + {Yy(w) + J ()} wsin 0],
L, = —{n{{Yy(w) + Jy(w)} w cos w — { Jy(w) — ¥ (0)} wsin ],
M, = 1+ }n{J)(w) cos w+ Y (w)sin v},

M, = —w1+ in{J)(v)sinw — ¥ (w) cos w},
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Fieure 2. Predicted thrust coefficient for a wing of aspect ratio 4 vs. vefU.
0 =0,02, 04,0608, () b’ =0, (D) b’ = }c, (¢) " = ¢, (d) b" = Je.
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Fi1cUrE 3. Predicted efficiency for a wing of aspect ratio 6 vs. ve[U.
0 = 0,02, 04,086, 08. (a) b’ = 0, () b = ke, (¢) b' = ¢, (d) ' = Jc.
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Ficure 4. Predicted thrust coefficient for a wing of aspect ratio 6-0 vs. ve[U.
0=0,0204,06,08 (a)b =0, (b)d = }c, (c) b = ¢, (d) b = fc.

N, = $n{¥y(w) wsin w + Jy(w) w cos w},
N, = — }n{Y,(w) w cos w — Jy(w) w sin w},
T,=2 _Z?'Z+ 2 [{Yo(w) —%Yl(w)} cosw — {Jo(w) —% Jl(w)} sin w] ,

T, = —% + 27 [ Yo(w)— % Yl(w)} sinw + {Jo(w) - % Jl(w)} cos w] .

If we seek the value of the thrust coefficient and hydromechanical efficiency for
zero reduced frequency, the above expressions for n = 0 yield, on making use of
the asymptotic expansions for the Bessel functions, L; = 0, L, = 0, oM, = 0,
wM,=0,N, =0, N, =0, @, =0, and *7T, = 0. For » = 0 and = + 0 only L,
and N, are non-zero and the expression for the hydromechanical propulsive

efficiency reduces to
/] N\ e ad
171, +(1_6)(1‘1+Ll)}/,§11+L1’

which works out to be less than unity as expected because part of the energy is
wasted in the formation of the wake.
Numerical computations of the integrals involved have been carried out by

efficiency = Z a?
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Ficure 5. Predicted efficiency for a wing of aspect ratio 8 vs. ve[U.
6 =0,0204,06,08. (@) b =0, (b)) b'= dc, (¢) b’ = ¢, (d) b = }c.

Romberg’s extrapolation method and to obtain values of the thrust coefficient
and hydromechanical propulsive efficiency correct to two decimal places twenty
terms of the series occurring in (25) and (27) are needed. The coefficients of the
Fourier series can be determined by satisfying (i) conditions (2a) for y = ;@ -bs
for m =1,2,...,5 and (ii) condition (2b) for y = &;®™Vs for m = 6,7, ..., 20.
Condition (2b) becomes on using (12) and simplifying

19 o5
Y a,cospy|1— L1L1+L3+ML2 (L12+L§)} = 0.
n=0 2(1—0)
19
Thus Y a,cosggmm(@m—1)=1 for m=1,2,...,5,
n=0
and
19 2m —1 Ow(1 — 27
2 peos R 1 1 1 13 SR ) e 1)~ 0

for m=26,7,...,20

constitute a system of twenty linear algebraic equations, which are solved by a
Gaussian method to yield the values of the coefficients a,. Substituting these
values in (25) and (27) the values of the thrust coefficient and efficiency are found
for the complete range of variation of the physical parameters consistent with
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FicURE 6. Predicted thrust coefficient for a wing of aspect ratio 8 vs. vefU.
6=0,0204,0608 ()b =0,b)b = }c, ()b =¢, (d) b = %c.

the assumptions of the problem. Computations for different wing aspect ratios
show that a decrease in the aspect ratio results in a decrease in the thrust co-
efficient. Sample curves for aspect ratios of 4, 6 and 8 are given (in figures 1-6)
to stress the findings of the analysis. It may be pointed out that these are the
aspect ratios of many of the fins of the fast-moving fishes.

The thrust coefficient decreases as the feathering parameter increases, which
implies that for significant positive thrust  must be less than one. Comparison
with Lighthill’s (1970) result shows that finiteness results in a considerable
decrease in the forward thrust. It is noticed that, for larger values of 6 which are
essential for maintaining high efficiency, the thrust values are greater for posi-
tions of the pitching axis which are farther downstream and this increase is
significant only for higher values of the feathering parameter and reduced
frequency. This result is found to be consistent with Lighthill’s (1970) observa-
tions. The increase in the thrust coefficient with the downstream shift of the
pitching axis, significant for larger values of @ and ve/U, is due to a steep increase
in the leading-edge suction force which also accounts for the fall in the backward-
inclined lift force. This high suction force on which we are relying for optimum
thrust may not be realized owing to a possible separation of the flow, which will
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result in a considerable decrease in the thrust coefficient. This indicates that
forcing of the pitching axis downstream behind the trailing edge to achieve a
high thrust coefficient is not advisable, which is consistent with Lighthill’s (1970)
two-dimensional theory.

The main feature of this analysis is that it gives the modified values of the
thrust coefficient and propulsive efficiency for a wide variety of the physical
parameters, taking into account the streamwise wake vorticity, and also confirms
that a reduction in the aspect ratio of the wing results in a decrease in the thrust
coefficient and the hydromechanical efficiency.

The author is extremely grateful to Professor Sir James Lighthill F.R.S.,
Lucasian Professor, for suggesting the study and for great help and encourage-
ment in the completion of the work. Thanks are also due to Professor T.Y.T.
Wu for sending relevant reprints of his work, the Association of Commonwealth
Universities for providing a post-doctoral fellowship, R and D organization,
Government of India, for granting leave and to the Department of Applied
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